Abstract. Value at Risk is a measure of risk exposure of a portfolio and is de ned as the maximum possible loss in a certain time frame, typically 1-20 days, and within a certain con dence, typically 95%. Full valuation of a portfolio under a large number of scenarios is a lengthy process. To speed it up, one can make use of the total delta vector and the total gamma matrix of a portfolio and compute a Gaussian integral over a region bounded by a quadric. We use methods from harmonic analysis to nd approximate analytic formulas for the Value at Risk as a function of time and of the con dence level. In this framework, the calculation is reduced to the problem of evaluating linear algebra invariants such as traces of products of matrices, which arise from a Feynmann expansion. The use of Fourier transforms is crucial to resum the expansions and to obtain formulas that smoothly interpolate between low and large con dence levels, as well as between short and long time horizons. 
Introduction.
The notion of Value at Risk (VaR) introduced in the J. P. Morgan RiskMetrics document JPM], captures the risk exposure of a portfolio in terms of the largest possible loss within a certain con dence interval.
In the RiskMetrics framework, one deals with portfolios subject to a number of risk factors whose evolution is a geometric Brownian motion with a given covariance matrix. The full valuation method consists of repricing the portfolio under a number of scenarios by calling all the relevant pricing functions. This procedure is computationally very intensive. In typical applications with portfolios that consist of several hundred thousand instruments, not more than a few thousand scenarios can be priced overnight with current technologies. The small number of scenarios results in large inaccuracies in the Value at Risk measurement. The use of rather unsophisticated pricing models can speed up the calculation but is also at the origin of uncontrollable errors.
An alternative that has been advocated in the RiskMetrics technical document is to use the quadratic approximation for the portfolio variation as a function of the underlying risk factors. To obtain this representation, the knowledge of the total delta vector and of the total gamma matrix is required. This leads to the problem of evaluating an integral of the form I 0 (K) = Z x + 1 2 (x;?x) K exp ? ? (x; Ax) ;
(1:1)
for certain vectors and matrix ?. To our knowledge, the problem of estimating (1.1) was rst considered by Ruben Rub] (in the case of positive de nite ? and zero ), and then extended by a number of other authors, see KJB] and references there.
The notion of Value at Risk owes its popularity to the fact that it captures with just one parameter of intuitive meaning the risk exposure of a portfolio. However, the Value at Risk evolves with time and is subject to stochastic uctuations which re ect the evolution of the risk factors and the evolution of the composition of the portfolio itself. The sensitivity of the Value at Risk with respect to the dynamics of the underlying risk factors depends on the relative importance of delta and gamma risk. To capture this e ect, it is useful to use dual variables which give the sensitivity to the total delta and the total gamma risk of a given portfolio.
In our setting, duality transformations involve Fourier transforms. After an initial simultaneous diagonalization of the covariance matrix A and of the total gamma of the This article is organized into seven sections. In the next one, we present the general framework and the main formulas in our analysis. In the third, fourth and fth sections, which are rather technical, we provide all the details that justify our approach and the formulas it gives rise to. Based on these results, in the sixth section we derive an e cient approximation scheme for value at risk calculations. The last section contains concluding remarks.
2. Value at Risk.
Consider a portfolio of price consisting of a combination of underlying securities S j , for j = 1; : : :; n, which we assume to be log{normally distributed with covariance matrix V. The Value at Risk of the portfolio is de ned to be the number K such that Prob f (0) ? (t) Kg = ;
where is a small number (typically 0.05), and t is a small time window (i.e., 1 day).
In this paper we consider only portfolios that are expected to be smooth over time horizons of interest. This includes most traded securities with some exceptions as, for instance, barrier options when the price of the underlying is near the barrier. To apply our methods, a split of the portfolio into a regular and a singular sub-portfolio is necessary if such singular securities are present.
To leading order in time, we approximate the value of the portfolio by today's deltas and gammas, The only property we will use for these functions is that they are bounded for negative arguments and grow at most exponentially for positive arguments. It can easily be seen using stationary phase estimates that the bound in the lemma above is sharp. An immediate consequence of this result is that the function f is integrable in but not in .
Lemma 6: Fix constants T < j jDj j ?1 , and U, V such that Uj jDj j + V vDv t < 1. then, To compute the determinant det(1 + B), we can use a Feynmann expansion.
det(1 + B) = exp Tr log(1 + B)
= exp Tr
